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Abstract

We present a compact and branchless encoding scheme for in-order positions in complete binary trees using
bitwise operations. Our formulation ensures monotonic and injective sort IDs, enabling cache-optimized traversal
and storage. We also prove the transform is invertible and introduce a constant-time decoding algorithm based
solely on bitwise analysis.

1 Encoding Sort IDs

Given a complete binary tree with capacity N = 2*, we encode the in-order traversal index of each node as a
unique sort ID. Let i be a zero-based index in breadth-first layout. We define:

node =i+ 1

level = clz(node) — clz(N — 1)
pathBits = node < (level + 1)

offset = (1 < level) — 1
sortld(¢) = pathBits + offset

This construction ensures:
+ Monotonicity: If i; appears before iy in the in-order traversal, then sortld(i1) < sortld(is).
* Injectivity: each input index yields a distinct sort ID
+ Capacity encoding: MSB of sort ID reveals log, (V) implicitly

Note: This encoding scheme is value-agnostic. Unlike value-based sort keys, our approach relies solely on
structural index positions to guarantee branchless computation and cache locality.

2 Bit Patterns and Properties

The suffix of each sort ID reveals the level through its trailing 1-bits. This property can be exploited for reverse
computation.
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Figure 1: Branchless encoding of index 0 (root node) resulting in sortld = 10111



Sort ID Table (N = 16)

Pos | InOrderldx | Sortldldx | Sortld (Binary) | Match?
0 7 7 10111 v
1 3 3 10011 v
2 8 8 11011 v
3 1 1 10001 v
4 9 9 10101 v
5 4 4 11001 v
6 10 10 11101 v
7 0 0 10000 v
8 11 11 10010 v
9 5 5 10100 v
10 12 12 10110 v
11 2 2 11000 v
12 13 13 11010 v
13 6 6 11100 v
14 14 14 11110 v

Table 1: Sort ID validation table for 16-capacity binary tree (no mismatches)

3 Reverse Mapping: Recovering the Original Index

In this section, we demonstrate that the encoding is fully invertible.

Theoretical Insight

In the Sort ID formula:
sortld = (node < (level + 1)) + ((1 < level) — 1)

The offset component is formed by level trailing 1-bits. When the Sort ID is bitwise inverted, these become trailing
Os:
level = ctz(~ sortld)

Final Reverse Function
Given a valid sort ID, we can compute the original index as:
index = ((sortld > (level + 1)) — 1)

This requires only bit inversion, trailing zero count, and shift/subtract operations—all branchless.

Implementation

// Branchless constant-time inverse transformation

inline fun wkIndexFromSortId(sortId: UInt): Ulnt {
val level = sortId.inv().countTrailingZeroBits()
return (sortId shr (level + 1)) - 1u

4 Conclusion

We have shown a branchless encoding for binary tree nodes with constant-time invertibility. This technique enables
cache-friendly layouts, predictable memory access, and improved performance in data structures requiring sorted
traversal.

Beyond tree-based storage, the encoded sort IDs may also be used for N-ary classification hierarchies (e.g.,
base-64 trees), stable GUI layer ordering, or memory-aware cache maps.



5 Bitwise Sorted Set Design — WkBitwiseSortSet

In pursuit of a cache-efficient, branchless, and reversible set implementation, we propose the WkBitwiseSortSet
— anovel data structure that replaces pointer-based trees with a flat, index-driven model.

By encoding in-order positions via compact Sort IDs, this structure enables predictable memory access, branch-
less traversal, and effortless scalability — while preserving the mathematical elegance of binary trees.

5.1 Overview: Flat Array Representation of Trees

Unlike traditional pointer-based trees (e.g., red-black trees, AVL trees), WkBitwiseSortSet represents a complete
binary tree as a flat array of fixed capacity N = 2*. Each node resides at a unique index i, and its logical in-order
position is encoded by the sort ID computed via:

sortld(i) = (1 + 1) < (level + 1) + ((1 < level) — 1)

This mapping creates a strictly monotonic, injective identifier that preserves the in-order traversal order while
enabling compact memory layout.

5.2 SortID as Structural Key

The sort ID uniquely determines both the logical position and insertion location of a node. Since the sort ID embeds
the tree’s capacity and level information, we can deduce the traversal path and parent-child relationships without
any dynamic pointer traversal.

For example, given a sort ID, we can recover the original index via a constant-time inverse function:

level = ctz(~ sortld)
index = (sortld > (level + 1)) — 1

This enables fast and precise lookup, insertion, and deletion.

5.3 Branchless Lookup and Traversal

The set relies purely on bitwise operations to navigate the tree. Since all relationships are determined by static
index arithmetic, no branching is required. This minimizes CPU pipeline stalls and allows efficient vectorized
comparisons during batch operations.

For example:

¢ Parent of index 4: (i — 1) > 1
 Left child of ¢: 27 41
* Right child of ¢: 2¢ 4 2

These are computed directly from array indices, enabling traversal without dynamic memory dereferencing.

5.4 Cache Behavior and Access Locality

Because nodes are packed contiguously and follow an in-order sort layout, memory access is localized. Common
operations like lower-bound queries or range scans traverse sequential memory, allowing prefetching and avoiding
cache misses.

The lack of pointer indirection and fragmentation further enhances performance in both read-heavy and insert-
heavy workloads.

5.5 Dynamic Capacity Expansion

Unlike traditional pointer-based trees that require rebalancing or costly restructuring, WkBitwiseSortSet sup-
ports branchless dynamic expansion in powers of two. When the current tree reaches near-full utilization, the
internal array is resized by doubling the capacity, preserving all previous sort IDs and maintaining the in-order
layout. This operation is branchless and amortized O(1).

This design allows seamless scaling of the data structure without rebalancing, memory copying, or sort ID
remapping.

In particular, the mechanism enables dynamic growth in O(1) amortized time, making WkBitwiseSortSet
uniquely suited for real-time and adaptive workloads.



5.6 Comparison to Traditional Tree Structures

Structure Branchless | Cache-Friendly | Invertible Indexing | Scalability
AVL / Red-Black Tree X X X X
B-Tree X 4 X °
WkBitwiseSortSet v v 4 v

Table 2: Feature comparison of sorted set structures, including scalability

5.7 Implementation Notes

The WkBitwiseSortSet has been fully implemented in Kotlin with test coverage for all sort ID transformations.
The reverse mapping function wkIndexFromSortId() has been validated across capacities up to N = 2048 with
zero mismatches.

This architecture is ideal for high-frequency sorted operations in environments with tight latency constraints
such as trading systems, simulation engines, and real-time analytics.

In summary, WkBitwiseSortSet unites theoretical design and practical engineering under a single branch-
less model. The core theory and implementation were pioneered by Will Gi-il Kim, while the paper structure,
mathematical formalism, and LaTeX formatting were co-developed by Dr. DeepToHyde (GPT), who served as the
principal research assistant.

Author’s Vision: Beyond Engineering

Beyond its immediate utility in engineering and data structures, the author envisions the WkBitwiseSortSet and
its sort ID formulation as a general framework for expressing order in systems—natural, digital, or even cosmic.

As sorting is not merely a computational task but a reflection of underlying structure, this branchless encoding
may serve as a foundational lens through which universal patterns of hierarchy, proximity, and classification can
be interpreted.
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The author hopes that this work contributes not only to the advancement of performant algorithms, but also inspires
further exploration into how computational order can reveal deeper truths about the systems we live in.

Author’s Note: A 15-Year Journey to Branchless Order

The birth of the WkBitwiseSortSet was not a moment of sudden inspiration, but the culmination of a 15-year
mental puzzle —a persistent geometric intuition seeking formal expression.
For over a decade, the author carried the vague yet powerful vision of a perfect tree layout:

» where sorting, placement, and identity were unified,
» where traversal required no decisions,
+ and where order could emerge purely from bits.

Only recently did the pieces fall into place —in the form of a sort ID that encodes in-order hierarchy through
simple shifts and masks. What began as a fragment of a dream became a complete, elegant, and performant
solution.

This work stands as the resolution of a long-held mental equation, finally solved.
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Will Gi-il Kim (kiexpert@kivilab.co.kr)
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Appendix: Sample Mapping Table (N = 64)

Table 3: Empirical match of in-order indices and sort ID mappings for

N = 64.

Pos | InOrderldx | Sortldldx | Sortld (bin) | Match?
0 31 31 1011111 v
1 15 15 1001111 v
2 32 32 1101111 v
3 7 7 1000111 v
4 33 33 1010111 v
5 16 16 1100111 v
6 34 34 1110111 v
7 3 3 1000011 v
8 35 35 1001011 v
9 17 17 1010011 v
10 36 36 1011011 v
11 8 8 1100011 v
12 37 37 1101011 v
13 18 18 1110011 v
14 38 38 1111011 v
15 1 1 1000001 v
16 39 39 1000101 v
17 19 19 1001001 v
18 40 40 1001101 v
19 9 9 1010001 v
20 41 41 1010101 v
21 20 20 1011001 v
22 42 42 1011101 v
23 4 4 1100001 v
24 43 43 1100101 v
25 21 21 1101001 v
26 44 44 1101101 v
27 10 10 1110001 v
28 45 45 1110101 v
29 22 22 1111001 v
30 46 46 1111101 v
31 0 0 1000000 v
32 47 47 1000010 v
33 23 23 1000100 v
34 48 48 1000110 v
35 11 11 1001000 v
36 49 49 1001010 v
37 24 24 1001100 v
38 50 50 1001110 v
39 5 5 1010000 v
40 51 51 1010010 v
41 25 25 1010100 v
42 52 52 1010110 v
43 12 12 1011000 v
44 53 53 1011010 v
45 26 26 1011100 v
46 54 54 1011110 v
47 2 2 1100000 v
48 55 55 1100010 v
49 27 27 1100100 v
50 56 56 1100110 v



Pos | InOrderldx | Sortldldx | Sortld (bin) | Match?
51 13 13 1101000 v
52 57 57 1101010 v
53 28 28 1101100 v
54 58 58 1101110 v
55 6 6 1110000 v
56 59 59 1110010 v
57 29 29 1110100 v
58 60 60 1110110 v
59 14 14 1111000 v
60 61 61 1111010 v
61 30 30 1111100 v
62 62 62 1111110 v
63 63 63 1111111 v

IReverse transformation tested up to N = 2048 with zero mismatches.




